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We consider a metric-affine gravitational framework in which the dynamical
fields are the spin structures, the general linear connections, and the Dirac fermion
fields. Using a spin structure and a linear connection on the world manifold, we
construct a principal connection on the spinor bundle. By applying general ideas
concerning the conservation laws in the Lagrangian approach to field theory, we
examine the corresponding conserved currents. The main result is that the currents
associated with infinitesimal vertical (internal) transformations of the covariance
group are shown to vanish identically. It follows that to every vector field on
the world manifold there corresponds a well-defined current, the stress-energy-
momentum of the fields. It turns out that the fermion fields do not contribute at all
to the superpotential terms. Actually the expression we get for the superpotential
generalizes the well-known expression obtained by Komar.

1. INTRODUCTION

It is well known (Goldberg, 1980; Fletcher, 1960; Giachetta and Sarda-
nashvily, 1995a,b) that all conservation laws

a)‘V)‘ =0 (l)

which take place in generally covariant theories are strong laws, that is, when
the field equations are satisfied, the current V* can be written as

VA =5, UM 2

where the skew-symmetric tensor density UM is called the superpotential.
As an example, in the purely metric Einstein gravitation theory (Novotny,
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1984), the Einstein—Hilbert Lagrangian density Lgy = /—gR leads to the
well-known Komar superpotential (Komar, 1959)

UMNE) = J—g(Ehg™ — £\ g ?3)

where £ is a vector field on the world manifold X and the subscript ;o denotes
covariant differentiation with respect to the Levi-Civita connection.

Recently, it was shown (Borowiec et al., 1994) that the superpotential
(3) has a kind of universal property, in the sense that the stress-energy-
momentum tensor of any Lagrangian density depending on a metric and a
symmetric connection through the scalar curvature reduces to the Komar
superpotential. Giachetta and Sardanashvily (1995c) extended this result to
the framework of the metric-affine gravitation theory in which the general
linear connections replace the symmetric connections. In particular, it has
been shown that a generally covariant Lagrangian density L leads to a current
which is brought into the form (2) with

UM(E) = m BNVt + T°569) 4)

Here V is the covariant derivative with respect to the linear connection K, T
is the torsion of K, and

TP = LIk s

are the momenta corresponding to the connection variables. This is a general-
ized Komar superpotential. Note that in the case of the Einstein-Hilbert
Lagrangian density Lgy, we have

SEEL — [g(g™k — g0
0k gy 0
and the torsion vanishes. Hence (4) recovers the Komar superpotential (3).
The present paper is concerned with the conservation laws and the
energy-momentum superpotentials in gravitation theories. We consider a met-
ric-affine framework where the dynamical fields are the spin structures, the
general linear connections on the world manifold X, and the Dirac fermion
fields. We show that the choice of a spin structure and a linear connection
on X allows the construction of a covariant derivative of fermion fields.
Using this covariant derivative, we are able to write a Lagrangian density of
fermion fields. We also consider a Lagrangian density of the gravitational
fields. The total Lagrangian is then taken to be the sum of the two Lagrangians
and is assumed to be generally covariant with respect to the group AUT(S(X))
of principal automorphisms of the spin bundle S(X).
The analysis of these questions is based on the first variational formula
in Lagrangian field theory (Giachetta and Sardanashvily, 1995a; Mangiarotti
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and Modugno, 1983). In accordance with this formula, the invariance of a
Lagrangian density under a general covariance group leads to conservation
laws of currents which can be brought into the form of superpotentials. We
show that the fermion fields do not contribute to the energy-momentum
superpotential, which has exactly the form given in (4). Hence, one can
think of the generalized Komar superpotential as being the universal energy-
momentum superpotential of gravitational theories.

The organization of the paper is as follows. In Section 2 we recall the
main facts about the Lagrangian formalism of field theory in jet bundle terms.
Here the most important formula is the first variational formula of the calculus
of variations, which plays a fundamental role in the study of symmetries and
conservation laws of physical systems.

In Section 3 we introduce the configuration bundle of the metric-affine
gravity interacting with fermion fields. Although we are talking about the
metric-affine theory, we do not regard the metric of the world manifold as
a proper dynamical field. Actually, in our construction the spin structures are
taken to be true dynamical fields. However, every spin structure determines
a metric on the world manifold X. The most important point in this section
is the construction of the covariant derivative of spinor fields using a spin
structure and a linear connection on X.

In Section 4 we describe the actions of AUT(S(X)) on the various bundles
involved in the theory. We also find the expression of the vector fields
corresponding to the infinitesimal version of these actions.

Finally, in Section 5 we consider a Lagrangian density which has the
group AUT(S(X)) of principal automorphisms of the spin bundle S(X) as the
general covariance group. We find the corresponding currents and show that
they can be brought into the form of a generalized Komar superpotential.

2. CALCULUS OF VARIATIONS

In this section we briefly introduce the basic features of the geometric
approach to Lagrangian field theory. Accordingly, classical fields are repre-
sented by sections of a bundle ¥ — X over a world manifold X and their
dynamics is phrased in terms of jet manifolds (Sardanashvily, 1993). We
restrict ourselves to the first-order Lagrangian formalism, since this is enough
for our purposes. Here Y is the configuration space of fields described by
sections s: X — ¥, whereas the first-order jet manifold J'Y of ¥ — X is the
phrase space.

Roughly speaking, one can say that the k-order jet manifold J*Y of a
bundle Y — X comprises the equivalence classes j%, x € X, of sections s:
X — Y identified by the first kK + 1 terms of their Taylor series at a point x.
Let (x*, y’) be fibered coordinates on ¥, with 1 = A = m = dim Xand | =
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i =n,m+ n = dim Y. The induced coordinates on J'Y are denoted by (x*,
y', y4). Their meaning is clear; given a section s: X — ¥, let j's: X = J'Y
denote its first-order jet extension. Then we have

Yes=s, RHejls=ds

As usual, the coordinate fields associated with (x*, ¥, y4) are denoted by (3,,
aia a?)
A basic operation on jet spaces is the following. Let

uw Y-TY u = uMx)d), + ui(x, y)o;

be a projectable vector field on Y representing an infinitesimal transformation
of both the field and the world manifold variables y* and x*, respectively.
Then u can be lifted to a (projectable) vector field # on J'Y given by

uw J'Y-T1JY
= uhd, + u'd; + uio} &)
uy = hu' — y,du*
where
Jy =3\ + y{9; + -+~
is the total derivative with respect to x*.
Let
& JY-> ;n\ T*X ©6)
£ = L(xN ¥, Yo, w=dx'A- - Adc"
be a first-order Lagrangian density. Then we have the following objects
naturally associated with it. The Poincaré—Cartan form
E(L): JIY > AT 7
E(P) =2+ QLY — ydM) A, o =38 Jo
which is the unique Lepagian (Cartan) form equivalent to & in the first-order
case. The Euler—Lagrange operator
BLy: TV - VY ® A THX ®)
E(&£) = ;L dy' ® o, &L = o,L — J(3L)

whose kernel consists of critical sections s: X — Y of the variational problem
defined by the Lagrangian density £.
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If u: Y — TY is a projectable vector field, we define the corresponding
current to be
m—1
(L, u): J'Y = A T*X, VIZ, u) = VML, ww, ()]
VN, u) = LW — yu*) + uL

This is defined as the horizontal projection of the (m — 1)-form u 1E®).

There are different methods to discover differential conservation laws
in Lagrangian field theories (Fletcher, 1960). Here we are concerned with
the so-called symmetry method. Let u: Y — TY be a projectable vector field
on Y. By computing the Lie derivative L; & of the Lagrangian density &£ by
the lift of u, we find the relation

L;¥ = uy 1€(P) + dyV(&, u) (10)

This is a basic formula known as the first variational formula of the calculus
of variations. On the right-hand side of (10),

uy: J'Y - VY, uy = (U — yauM)9;

is the vertical part of the vector field « and

dyV(&, u): J*Y = A T*X,
LVNE, w)w

is the horizontal derivative of V(£, u).
Now assume that the vector field u is an infinitesimal symmetry transfor-
mation of the Lagrangian density &, i.e.,

L2=0 (11)
Then the variational formula (10) yields the conservation law
WVNL, u)ojls) =0 (12)

when the field equations €(£) ¢ j%s = 0 are satisfied. These are called weak
conservation laws. However, if the field u is an infinitesimal transformation
belonging to a function group which is a symmetry group of the Lagrangian
density &, such as gauge theories and general relativity, then the current
V(&, u) takes the form

V&, u) = W&, u) + dyU(&, u) 13)

where W(&, u) vanishes on solutions of the field equations and

m—2
UL, u): J'Y—> A T*X
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is a (m — 2)-form called the superpotential. The corresponding conservation
law (12) is called a strong conservation law.

3. METRIC-AFFINE GRAVITY: KINEMATICS

Hereafter, the 4-dimensional base manifold X is assumed to satisfy
the well-known topological conditions which guarantee the existence of a
Lorentzian metric and a spin structure. We summarize these conditions by
assuming that the manifold X is not compact and its tangent bundle is trivial.
We call X the world manifold. The Lorentzian metrics and the general linear
connections on X are called the world metrics and the world connections,
respectively.

We use three kinds of indices. Greek indices label points of the world
manifold. Lowercase Latin indices are reserved for quantities defined on the
Minkowski space-time. Both kinds of indices range from O to 3. Uppercase
Latin indices are used for the spinor fields and range from [ to 4.

In the gauge gravitation theory, gravity is described by pairs (h, 4,) of
gravitational fields & and associated Lorentz connections A, (Sardanashvily
and Zakharov, 1992). The Lorentz connection A, is usually used to construct
the covariant derivative of Dirac fermion fields in the presence of the gravita-
tional field h. On the other hand, in the metric-affine gravitation theory (Hehl
et al., 1995; Aringazin and Mikhailov, 1991; Tucker and Wang, 1995) the
connection is no longer assumed in advance to be a Lorentz connection,
though this may result from the field equations. Hence, the problem of
constructing a covariant derivative of spinor fields arises.

Let L(X) be the principal fiber bundle (PFB) of oriented linear coframes
on X. In gravitation theory, its structure group GL*(4, R) reduces to the
connected Lorentz group L C SO(1, 3). This means that there exists a reduced
subbundle L*(X) of L(X) whose structure group is L. As is well known
(Kobayashi and Nomizu, 1963), there is a 1:1 correspondence between the
reduced L-subbundles L*(X) of L(X) and the Lorentzian metrics on X of
signatare (1, —1, —1, —1).

Now we give the following definition (Van der Neuvel, 1994).

Definition 3.1. Let p: Ly — L be the universal covering morphism, where
L, = SL(2, C). A spin structure on X consists of a PFB m: S(X) — X with
structure group L, and a map h: S(X) — L(X) satisfying the following
properties:

(l) ho RA = RP(A) ° h, VA € Ls‘

(i) we h = m,

Notice that a spin structure determines a reduction of L(X) to an L-
subbundle L*(X) and, hence, a metric g on X. This subbundle is the image
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of S(X) under h: S(X) — L(X). Hereafter, we choose a PFB w,: S(X) - X
and consider the spin structures provided by all the morphisms 4: S(X) —
L(X) which satisfy the properties (i) and (ii) of Definition 3.1.

These morphisms can also be seen as sections of a fiber bundle § — X
defined by

§S=US§, (14)

S = {he S(X)x = LX), hp-A) = h(p)-p(A), Vp € S(X),, A € L;}

Fibered coordinates on § are introduced as follows. Let o: U — S(X) and
(dx™): U - L(X) be local gauges over the same neighborhood U of X. Then,
for any h, € § with x € U, we have

h, e o(x) = (h°%), h* = hg dx* (15)

where the matrix (h%,) € GL*(4, R). Hence the coordinates of A, are taken
to be (x*, K%).

The world connections are principal connections on the PFB L(X). It
follows that there is a 1:1 correspondence between world connections and
global sections of the quotient bundle (Giachetta and Mangiarotti, 1990)

C = JILX)/GL*(4, R) -> X (16)

With respect to a holonomic gauge (dx*): U — L(X), the bundle C is coordinat-
ized by (x*, k%g)) so that, for any section K: X — C,

K uB)‘ = K~ Br° K
and the connection parameters on T*X, i.e.,
V)\ dx* = KQB)\ de (17)
There are different ways to introduce Dirac fermion fields. Here we
follow the algebric approach. Let (M, m) be a Minkowski space, with n =
diag(1, —1, —1, —1), and CI, ; the complex Clifford algebra generated by

elements of M. The spinor space V is defined to be a minimal left ideal of
Cl, 5 on which this algebra acts on the left. We have a representation

Y MOV-YV (18)

of elements of the Minkowski space M by Dirac y-matrices on V and the
spinor representation

p: Ly — GL(V) 19
Then, the spinor bundle
F = (SX) X V)IL,
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is associated with the PFB 7 S(X) — X. Sections {: X — F represent Dirac
fermion fields. With respect to a gauge o: U — S(X) and a basis (e,) of V
the induced fibered coordinates on F are denoted by (x*, y*).

We take the configuration space of the metric-affine gravitation theory
in interaction with fermion fields to be the fibered product bundle

O=SXyCXyF->X (20)

Let us consider a bundle of complex Clifford algebras Cl, ; over X whose
structure group is the Clifford group of invertible elements of CI, 5. It has
the subbundle Y, — X of Minkowski spaces of generating elements of Cl, 3.
To describe Dirac fermion fields on a world manifold X, one must require
Yy to be isomorphic to the cotangent bundle T#X of X. It takes place if there
exists a reduced L-subbundle L*(X) of L(X) such that

Yy = (LMX) X M)IL
The representation (18) satisfies the following equivariance property:

YPA) EQ pA) V) = pA) (VE® V), VAeL, §eM, veV
21

Owing to this property, the map y goes to the quotient and defines the
representation

Yo TXQF=ESX)XMQV)L,->SX)X V)L, =F (22)

of cotangent vectors to the world manifold X by Dirac y-matrices on elements
of the spinor bundle F. If o: U — S(X) is a local gauge, (e,) is a basis of
V, (&,) is the induced basis of the free module of fermion fields over U, and
(h*) = h o o: U > L(X) is the image of o under the spin structure A, then
we have

'yh(dx)\ ® éA) = [Ua h)\a‘YaBA (23)

where dx* = h* h and the square bracket denotes equivalence classes in the
quotient space.

We shall say that sections of the spinor bundle F — X describe Dirac
fermion fields in the presence of the world metric induced by the spin structure
h. Indeed, given a principal connection A on F, let V be the corresponding
covariant differential operator. Then, using the representation (22), one can
construct the Dirac operator

Di=v°V: JF>T*X®F—>F (24)
yA ° Dh = h)\a’YaAB(yl)? - %A?\blabchc)
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on the spinor bundle F. Here Af? = —A% are the connection parameters of
A (which are opposite in sign to the gauge potentials) and

Iab = 71;'[’Ya’ 'Yb]

are the generators of the spinor group L,. Different spin structures 4 and 4’
yield nonequivalent representations -y, and v, . It follows that a Dirac fermion
field must be regarded only in a pair with a certain spin structure.

In order to write the Lagrangian density of fermion fields in the metric-
affine framework, we have to construct a principal connection on F starting
from a world connection and a spin structure. Let w: L(X) — T*L(X) ® gl(4,
R) be a connection one-form and A: S(X) — L(X) a spin structure. Note that
gl(4, R) = € + m (direct sum), where ¢ is the Lie algebra of L and m is a
subspace of gl(4, R) such that A-m-A~! C m, for any A € L. Then, by a
well-known theorem (Kobayashi and Nomizu, 1963, Proposition 6.4, p. 83),
the pullback by A of the ¢-component w’ of @ defines a principal connection
w, = h*w’ on S(X). This is the principal connection on F we were looking for.

The connection parameters of w;, can be found as follows. The coordinate
expression of w in a bundle chart (x*, /%)) of L(X) with respect to a holonomic
coframe (dx) is

(x)ab = haa(dhub - KQB)\th dx)‘) (25)
where the connection parameters K%, are defined in (17). Projecting w on
the Lie algebra of L leads to

@l = L(htm® — W) (dh®, — K ghb, dx*) (26)

Now let o: U — S(X) be a local gauge and let h o 0 = (h%), h* = h%, dx.
It follows that the connection parameters of w, are given by

At =~ — K@) Orhe, ~ K hBo) @

4. BASIC REPRESENTATIONS

Let Diff(S(X)) be the group C” diffeomorphisms of S(X). We shall
consider the following infinite-dimensional groups:

AUT(S(X)) = {® e Diff(SX)) | P(p-A) = P(p)-AVp € §(X), A € L)
Aut(S(X)) = {® e AUT(S(X))| P covers the identity of X}
Diff(X) = {$: X — XId is a C*-diffeomorphism}

We denote by fr; AUT(S(X)) — Diff(X) the group morphism that takes an
automorphism of S(X) to its induced diffeomorphism of X. Of course, its
kernel is the subgroup Aut(S(X)).
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A principal Aautomorphism ® e AUT(S(X)), with 1(®) = &, induces
automorphisms ¢, @5, P, and <I>5 of the bundles L(X), S, C, and F, all
covering ¢. We begin by defining ¢ as

b((h) = (T (h?), V() & LX) (28)

One can easily verify that $ is equivariant with respect to the right action
of GL*(4, R) on L(X). Due to this property, the jet extension j'd: J'L(X)
— JIL(X) of ¢ goes to the quotient C = J'L(X)/GL*(4, R) and defines
an automorphism

e CoC ' 29

By recalling that F = (S(X) X V)/L, is a bundle associated with S(X),
we define

O FoF (30
Op([p, v = [®(p),v], VpeSX), veV

Finally, we define

d: S—S 3D
Dyh) =dboho® ! e Sy, Vhoe S,

We shall also consider the infinitesimal version of these actions of
AUT(S(X)) on §, C, and F. Let T; S(X) = TS(X)/L, be the quotient of the
tangent bundle 7S(X) by the spinor group L,. This is a vector bundle over
X whose sections & X — T; S(X) are L-invariant vector fields on S(X). In
particular, they are projectable fields, that is, every section §: X — T, S(X)
induces a vector field £ on X. A subbundle of 7, S(X) is V. S(X) = VS(X)/
L,, where VS(X) C TS(X) is the bundle of vertical vectors. Sections & X —
V.. S(X) of this bundle are L,-invariant vertical vector fields on S(X) (Giachetta
and Mangiarotti, 1990).

Let & X — T, S(X) be a section. Its flow ®,, with 71 (®,) = &,, defines
a one-parameter group of principal automorphisms of S(X) covering ¢, €
Diff(X). Then the corresponding one-parameter groups of automorphisms
induced on S, C, and F define vector fields &, &, and §-on S, C, and F,
respectively, and hence on the configuration space Q. If

E=89, + %gabeab’ & = £

is the coordinate expression of the section &: X — T, S(X), where (e,) is a
basis of the Lie algebra of L, then their local expressions are
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& S§HTS

Es = £'9) + (h°0,8" — W& 6h"

& C->TC

Ec = £\ + (B — ka0 — Koy, + K%,8.8Y) PN
& F—TF

Er = £y + ‘;‘ 50 af)" + = Eul0 6;

Later we shall use the compact notation y* = k*,, and
: 0
Ec = €0\ + (79,8 + ulorEh) 5

Finally, we have

& @-T0

£y = 89\ + (h"0,E — hMEP

vap.vg)\ + u’)‘a)&gu) P (32)

ah"

1 ad d
+ = abIaA ]’B + - abyzs i
2§ b B ay g abBayB

5. SYMMETRIES AND CONSERVATION LAWS

Let us consider a first-order Lagrangian density £: J!Q — A T*X on
the configuration space Q, (20), which is the sum of a Lagrangian density
&, of fermion fields and a Lagrangian density &£, of the metric-affine gravity.

To construct £, we use the representation (22) and the principal connec-
tion (27). Moreover, we need a real-valued fiber metric & on the spinor bundle
F. We take it to be that induced by the L,-invariant metric k2 V X V — R
given by

kv, w) = % Wy + vyow)

Then, we define &; as
Eph, K, ) = [kGDpY, ¥) — mk(d, )1 (33
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where p,,: X — A T*X is the metric volume form induced by the spin structure
h. Its local expression is

ggf = Lf().)
i _

Ly= 3 [)’A(’YOY)‘)AB(YI{ - %A'iblabﬁcyc) (34)
= (Fan — FAP T B DY 5yP) det(h))
— mya(Y?Ypy® det(h)

where the connection parameters A% are given in (27) and y* = y°h*,.

One can easily verify that

oLy _ oL, _
ak",u, M é)k",,lL 0 (33)

Hence, the Lagrangian density (33) depends only on the torsion of the worid
connection K. In particular, it follows that if K is the Levi-Civita connection
of the gravitational field associated with the spin structure h, then £, takes
the form of the familiar Lagrangian density of fermion fields in Einstein’s
gravitation theory.

Now let i: X = S, K: X — C, and {: X — F be sections. For any ®
e AUT(S(X)), covering & € Diff(X), we define A = dgohod™!, K = &,
oKod ', and s = ®rofso L. Then, it is easily verified that the Lagrangian
density (33) is generally covariant with respect to AUT(S(X)), that is

Leth, K, B) = (&~ )*Lulh, K, ) (36)

for any ® e AUT(S(X)). It follows that, for any section & X — T S(X),
the Lie derivative of £, by the jet lift &, of the vector field (32) is equal to
zero, i.e.,

Lg, £ = 0, VE X - T 5X) €))

The Lagrangian density £, of the metric-affine gravity is assumed to
be of the form
£, = Lo
L, = f(g™(h), R*pu(K)) (38)
where f is a scalar density,
g = R htym® (39

is the metric induced by the spin structure A and
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R = k%r = k%pun + k%nk"py — k%6750
is the curvature tensor of the world connection K. In other words, we suppose

that &, factorizes through the curvature tensor and the combination (39).
Then, one can easily prove the relations

,,Tmam = —'n'aB"" (4())
oL, /9k%g) = TP, — TLOVEB 1)

We also assume that SBg is generally covariant, so that
LgQ.SBg =0, VE X - T SX) 42)

Let us apply now the machinery of Section 2 to the Lagrangian density
£ =%, + £, We get the current

VN, £) = % (B0 £ + UL — u £%)

+ ah"‘ (hB aﬂga - haaga - hn (_‘BEB)
BL :
y,(( E8L Y —~ y*‘&“) 43)
aLs (1 _

+ ay.Afx (2 abys abBA yAa§a>

+ &L, + Ly)
In particular, if § X — V, S(X) is a vertical field, i.e.,
1
g = -2_ gabeab

then the current (43) reduces to
1 oL,

A - o ta T eabyp A
14 (§£, E) ah"‘ h ag 2 a)’Q g Iab ByB
1 dL
+5 a—,f; S (44)

By explicit calculation we get
i _
VME, &) = 7 (YA T cY”
— ALl 4y 5y Ih*

l —_
+3 [Fa(Y Y PAE L  cY© — (YY) P ey ey alls 5]
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where we have set A% = L(h% " — K®,m*). Since
Aﬁbchp.dgdc = gab

the above expression vanishes identically. It follows that the currents associ-
ated with vertical (internal) symmetries do not contribute to the general
expression (43), which therefore takes the form

VN, © = Lg (u’B"pré“ + US0LER — yo£%)

aL,
+ B gk — B &P
ah“c’)\ (h caBg L c,Bg )
aL oLy _
S E T S L YY) @)

Due to the arbitrariness of the functions £*, the equalities (37) and (42)
imply the conditions

L, . oL oL, . oL,

Ly + My o + U 5+ Sl = = = 46
L e Ry Mg 0 (46)
and
oL, oL, oL,
3L, + hv, + h*,, —— — h*,
Ky E o » ohP .
9L, oL, oL,
U= ==y =0 47
LY y )’A 3 )'A Yax Faa @7
Substituting the terms
oL,
ML, —
A )’x ay'

and
oy
a’)\ ah a,on YA ayA yA)\ a.)’Aa

from (46) and (47) into the conservation law (45), we find

SgLf - h""

VML, §) = %, (u"”%y&"‘ + uigo.t?)

aL \ 0L aL
— &, =+ 2+ T
g ( aha ayz P-u aylp.
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* azfi X hP 98" — E“(h*a a—ah% + 1, % + U i—i{)
= b—f;—( BYg £ + Ug0.EP) — & Ju(uig %‘{i)
e
+ 9,EM, FyCa £2nr,5,°L

a,p

Let us introduce the symbol = to denote equalities valid only on solutions
of the field equations. Then we have

oL, dL, oL,
ip al - o 8
VN, ~ (ay *asg) (ay, u‘**)ag + o W

, OL oL oL
- E“Ju(u’ﬁ #) + aaga( LopB, + —L h")
»

ah® oh®,g
oL,
— ahl\ f
J“(g a ahaa’p’)

Due to the relation

o _ ol
W, O,

h*, (48)
and (35), the last but one term of the above expression vanishes. Moreover,
turning back to the tensorial notation, one can easily verify that
OLJay\uie® = . =8
AL Joyiuls = —OLJokP,, — mw rotY 0

It follows that

oL,
V)\(‘g, g) =~ Jy(“asy)\aﬁgu) - Jyﬂueyxaﬁgu - (81(8 p.a)\kv )8 gB
oL, aL
+ g + 1 0)\p. v ol uhh f
§ J (ak")\u k a ) JIL<§ a ahaa,u)

~ J (o PpE®) + J (0T, MY go) — JymaPTRgE”
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oL, oL, oL
B8 + g — CIRN f
akpa)\ ag g ‘I ( ka ) JM:(E h a ahaa,p.>

oL
~ T, N6k = Kaof®)] — BB BgE® + — L Bt
ak"B;\
oL, oL
o —_ IR f
e (ak“ > ’“(’3 P ahaa..)

oL oL,
P TP, v v (3 ' o o
J ["v (ao'g k cug N ak‘, aﬁg g J, (ak"‘m)

A [ TR Y v _ LV o & L _ ¢ aLf
J ['"v W (aug k mxg )] + g J (ak" ) g Jp.(akau)\

~ J u[quu)\(acgv - kvu'aga)] + guJ u(au)‘uL)
~ TN~ K]
~ TNV + Thogk)]

where we have used (35), (40), and (48).

It follows that fermion fields do not contribute to the superpotential in
the metric-affine theory of gravity. The stress-energy-momentum conservation
law comes to the form (2), where U is the generalized Komar superpo-
tential (4).
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